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Control systemdesign of aerospace vehicleswith actuator saturation is an important practical design problem that

many previous approaches to nonlinear autopilot design did not consider. In particular, small unmanned aerial

vehicle rotorcraft actuators often have physical limitations such as a restricted onboard power supply. Disregard of

actuator saturation can affect the final performance, but the reduction in performance can be mitigated if actuator

saturation is included in the controller design. In this paper, we propose a nested-saturation-based nonlinear

controller for the stabilization of a rotary-wing aircraft. This control strategy allows the incorporation of actuator

magnitude saturation and has satisfactory dynamic performance. The nested-saturation technique enables the

controller to ensure the global asymptotic stability of a quadrotor helicopter while improving the performance of the

closed-loop system. By using Lyapunov analysis, the convergence property is established for the complete nonlinear

model of the quadrotor rotorcraft. Simulation results show the performance of the proposed control strategy. Using

embedded sensors and onboard control, we performed a real-time autonomous flight. Indeed, experimental results

have shown that the proposed control strategy is able to autonomously perform the tasks of taking off, hovering,

and landing.

Nomenclature

A, D = horizontal-movement model matrices
a, b, c, d = saturation levels
C� _�; �� = Coriolis/centripetal vector
c�:� = cos� �
F = force vector generated by propellers and

expressed in B
Fext = generalized force vector
g = Earth’s gravitational acceleration
I = inertial reference frame
Ip = rotor-blade moment of inertia
I��� = pseudoinertia matrix
J = inertia matrix
k, K = controller scalar gains, controller gain

matrices
L�, L� = limits of j�j and j�j when t!1
l = distance from the rotors to the helicopter center

of mass
M = upper bound of the coupling term D
m = aircraft mass
R = rotation matrix from B to I
r = new input for altitude control
s�:� = sin� �
T1; . . . ; T5 = finite times
u = total main-propellers’ thrust
wi = angular speed of the rotor i
B = body reference frame

�� ��; �;  � = Euler angles (roll, pitch, yaw)
�, � = propellers’ lift and drag coefficients
�B = body linear velocity
�I = body velocity in I
�� �x; y; z� = components of the position vector of the

system mass center in the inertial frame
~�, ~� = reduced position �x; y� and orientation ��; ��

vectors
��:� = saturation function
	 = generalized torque vector in the body reference

frame
� = body angular velocity

Subscripts

d = desired
i = variable number
0 = initial

I. Introduction

I N THE last decade, we have witnessed significant progress
toward the development of autonomous aerial vehicles with

onboard intelligent capabilities. These systems open new
applications in the field of robotics including surveillance, disaster
(environmental, industrial, and urban) assistance, search and rescue,
data and image acquisition of targets and affected areas, and many
others.

Recently, new small flying robots, called organics or mini
unmanned aerial vehicles (UAVs), such as Pointer, Javelin, Black
PackMini, and other configurations have appeared [1]. Furthermore,
many different vertical takeoff and landing (VTOL) UAVs,
including conventional helicopters [2,3], quadrotor aircraft [4], two-
tilt-rotor rotorcraft [5], and several designs such as theGuardian from
Bombardier, the SikorksyCypher, and theDragonWarrior have been
extensively studied. Aerial robotics has mainly involved helicopters
and other VTOL designs, airships, and fixed-wing UAVs [6,7]. The
main advantage of helicopters and other VTOL platforms is their
maneuverability, necessary for many robotic applications. Indeed,
the ability to maintain the aerial vehicle in hover is very important in
many tasks. However, rotary-wing aircraft are difficult to control and
require the application of reliable and nonlinear control laws. Indeed,
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the dynamic performance of aerospace systems such as aircraft is
highly dependent on the capabilities of the guidance, navigation, and
control systems. To achieve improved performance in such
aerospace systems, it is important that more appropriate control
systems be developed and implemented.

A. Overview on Flight Controllers for Autonomous Rotorcraft

Although much progress has been made in autonomous flight
[8,9], the reported controllers have achieved quite modest
performance. The flight modes are generally limited to hover and
low-speed straight flight. This may be attributed to many factors,
such as parametric uncertainty, unmodeled dynamics, actuator
magnitude saturation, model nonlinearities, external disturbances,
sensors noise, etc. The design of a controller that deals with all these
issues is very difficult and is still a challenge for researchers.
Therefore, designers often focus on a specific problem, thereby
resulting in various techniques such as the differential-flatness
approach [10–12], backstepping methodology [5,13], adaptive
control [14], robust control [15], small-gain methods [1], etc. The
work in [7] summarizes different control techniques, including both
control architectures and control methods for UAVs.

The effects of parametric uncertainty and unmodeled dynamics
have been handled using system identification [16] or robust control
techniques [15,17]. A robust H1 loop-shaping controller [15] has
been implemented and tested on a robotic helicopter, thereby
providing some robustness with respect to unmodeled dynamics.
The obtained results are very satisfactory. However, robust control
using H1 is known to be conservative and presents tradeoffs
between performance and robustness. Furthermore, the controller
design employs a linearized model extracted at hover. Thus,
degradation of the performance is expected when the helicopter
executes aggressive maneuvers.

Robust control design tools become inapplicable when modeling
uncertainties are large. Adaptive control is then required to handle
such large and time-varying uncertainties.Many adaptive controllers
have been proposed for helicopter control [18–20]. Recently,
adaptive controllers have been proposed [14] for trajectory tracking
of a helicopter. Dynamic inversion and neural networks were used to
compensate the modeling errors. Very promising results were
obtained when implementing this controller on the R-Max
helicopter. However, it requires overcoming important difficulties
such as the presence of unstable zero dynamics that may lead to
unstable control. Furthermore, global asymptotic stability of the
system is lost due to the use of a linearized model and neural
networks.

Actuator saturations limit the operational envelope of the vehicle
to the region in which control designs are valid. They can also
severely limit the achieved bandwidth of the system. Indeed, poor
tracking performance and altitude oscillations due to actuator
saturations have been reported [14]. Adaptive control has some
inherent limitations that have been well recognized in the literature.
Most notably, significant issues arise due to limitations on the plant
inputs [21]. Input saturation is a problem for both adaptive and robust
control [22]. Adaptive and robust control theories usually avoid
issues related to input saturation and other system input
characteristics by assumption. This conflicts with the fact that real
systems, especially small UAVs, have these characteristics.

Moreover, the previously presented controllers [14,15] separate
the flight control problem into an inner loop that controls attitude and
an outer loop that controls the translational movement. Most of these
control designs use an approximate linearmodel of the helicopter and
assume the outer-loop bandwidth to be lower than that of the inner
loop. This may result in degradation of the performance when the
helicopter leaves the hovering position.

Most of the controllers proposed in the literature have been
designed to cope with parametric uncertainties and unmodeled
dynamics. The actuator saturation problem has not received as much
attention. Most controllers that do not consider the input saturation
tend to fail [23], especially in aggressive maneuvers in which the
vehicle operates near its limits.

B. Description of the Proposed Control Law

Small rotary-wing UAVs are very sensitive to actuator saturation.
In view of payload constraints, the vehicle’s motors are chosen such
that the rotorcraft operates near its physical limits. Furthermore,
small UAVs are designed to fly close to the ground in complex and
cluttered environments. Therefore, theUAVmay execute aggressive
maneuvers to avoid obstacles. So actuator saturation occurs
frequently due to aggressive maneuvers or external disturbances.
Thus, actuator saturation is particularly prevalent and has a
significant effect on the overall stability of small aircraft.

Several new nonlinear tools have been introduced for analyzing
and controlling linear and nonlinear systemswith saturation [24–29].
One of the fundamental methods is the nested-saturation technique
[29,30], including its robust version [31]. This method was
introduced for controlling a chain of integrators x�n� � u using a
single bounded input u 2 ��umax; umax�. Proposed was a nested-
saturation-based control law of the form

u���umax
�yn � �umax

2
�yn�1 � :::� �umax

2n�1
=�y1���

which ensures global asymptotic stability of the closed-loop system
while satisfying the constraints on control input magnitude, where
�umax
�:� denotes a saturation function with a saturation limit umax, and

the variables yi are a linear combination of the state variables xi.
Exploiting this technique, a control strategy [1,4] has been proposed
to stabilize a quadrotor aircraft with bounded inputs. The quadrotor
rotorcraft has been considered as two independent planar vertical
taking-off and landing (PVTOL) systems. The control strategy
aimed atfirst stabilizing the altitude z, then thefirst PVTOL’s angular
displacement � and y position, and finally, the second PVTOL’s
angular displacement � and x position, without taking into account
the coupling between these three subsystems [4,32].

The present paper extends these previous works [4,32]. The main
contribution is the proof of global asymptotic stability for the
complete model of the quadrotor helicopter, considering the
coupling between the two PVTOLs and the influence of the altitude
movement control on the horizontal (longitudinal and lateral)
displacement. We also provide a convergence analysis for a large
range of saturation levels. This allows us to have more flexibility in
the adjustment of the controller and to reduce the time response of the
closed-loop system. Moreover, gains have been added in the control
law to improve the convergence speed of the closed-loop system and
to guarantee the robustness against the nonlinear coupling terms. In
addition, a real-time application with onboard controller and
embedded sensors for position and attitude measurement is also
presented.

Compared with previous controllers, our control strategy has
particular advantages, such as global asymptotic stability of the
rotorcraft nonlinear model with considering couplings between
attitude and position. Furthermore, the actuator saturation is
considered in the control design with ensuring fast convergence of
the closed-loop system. In addition, we found that the nested-
saturation control technique offers several advantages when applied
to small rotorcraft. This type of control law is such that the input
amplitude is smaller than the prespecified upper bound. Moreover,
the nested structure of the control strategy simplifies the tuning of the
flight controller parameters because there is a clear relationship
between the parameters and the observed behavior in practice.
Indeed, we first adjust the gains corresponding to the angular speed
feedback, then we tune the parameters corresponding to the angular
position feedback, and so forth. Another advantage of this type of
control law is that it establishes a priority order between the different
state variables. This means that the control law first stabilizes the
angular speed and then, when the angular speed is low enough, it
takes care of the angular position. Once the angular position is close
to the horizontal, the controller attempts to reduce the linear
horizontal displacement of the aircraft. Finally, once the helicopter
has slowed down, it then starts to reach the desired horizontal
position.Notice that it does notmatter if the aircraft is too far from the
desired position. It will not generate large control inputs when the
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position error is large because such error is passed through a
saturation function.

This paper is organized as follows. In Sec. II, we present the
nonlinear model of a class of aerial vehicles. Section III considers the
stabilization problem, and the convergence analysis of the closed-
loop system is presented in Sec. IV. The dynamical performance of
the proposed control law is compared in simulations to previous
results [4] in Sec. V. Section VI is devoted to the testbed description
and experiment setup. The paper ends with some conclusions in
Sec. VII.

II. Rotorcraft’s Nonlinear Model

The full model of a helicopter involving the flexibility of rotors,
fuselage aerodynamics, and actuators dynamics is very complex
[33,34]. In most cases, the aerial robot is considered as a rigid body
evolving in a three-dimensional space. The equations of motion for a
rigid body subject to external force Fext 2 R3 and torque 	 2 R3

applied to the center of mass and specified with respect to the body
coordinate frame B� �XB; YB; ZB� are given by the following
Newton–Euler equations in B [2,35,36]:�

m _�B �� �m�B � Fext

J _��� � J�� 	
(1)

where Fext consists of the gravity force and the lift vector F.
Let R be the rotation matrix from B to I , which can be obtained

using the convention XYZ and Euler angles �� ��; �;  �:

R� R� 	 R� 	 R �
c�c c�s �s�

s�s�c � c�s s�s�s � c�c s�c�
c�s�c � s�s c�s�s � s�c c�c�

2
4

3
5
(2)

Note that R belongs to the special orthogonal group SO�3� of all
3 � 3 orthogonal matrices that satisfy 1) R�1 � RT and
2) det�R� � 1. By using this transformation, the first equation in
Eq. (1), describing the translational dynamics, can be written in I
[37]:

m ��� RF �mgZI (3)

Let us recall the kinematic relationship [35] between the

generalized velocities _�� � _�; _�; _ � and the angular velocity �:

��W _�; W 2 R3�3 (4)

To exploit the nested-saturation technique that is generally applied
to systems in feedforward structure,wewill transform system (1) into
a suitable structure. First, substituting Eqs. (3) and (4) into Eq. (1),
and defining a pseudoinertia matrix I��� � JW and a Coriolis vector

C� _�; �� � _I _��W _� � I _�, we obtain�
m ��� RF �mgZI

I��� ��� C� _�; �� � 	
(5)

This model has the same structure as the system presented in [1,4]
which is obtained using the Euler–Lagrange approach. The main
difference is the expressions of I andC, which are more complex and
more difficult to implement and to compute in the case of the Euler–
Lagrange method. It is important to note that the model (5) is
common for all aerial robots with six degrees of freedom.

Many rotary-wing UAVs can be characterized by three control
torques 	 � �	�; 	�; 	 �T and one control force F� �0; 0; u�T . Then,
by recalling Eq. (5), the dynamics of this class of rotorcraft are
governed by

m ��� u
�s�
s�c�
c�c�

0
@

1
A� 0

0

�mg

0
@

1
A (6)

I ��� ��� 	 � C� _�; �� (7)

The analytical expressions of the four control inputs �u; 	�; 	�; 	 �
depend on the rotorcraft configuration and the mechanism for
generating these moments and forces.

The quadrotor-based mechanism is generally used for small
UAVs such as the Draganfly rotorcraft (see Fig. 1). The front and the
rear motors rotate counterclockwise while the other two motors
rotate clockwise. As a result, gyroscopic effects and aerodynamic
torques tend to cancel in trimmed flight. The gyroscopic moments
that occur when rotors are not spinning at exactly the same speed can
be neglected. In the following, we include the relations between the
control inputs and the motor velocities in the case of the quadrotor
aircraft (see Fig. 2). The collective lift u is the sum of the thrusts
generated by the four propellers [33]:

u�
X4
i�1

fi �
X4
i�1

�w2
i

In fact, propeller thrust and torque are generally assumed to be
proportional to the square of the angular velocity.

The airframe torques generated by the rotors are given by [1]

	� � l�
�
w2

2 � w2
4

�
(8)

	� � l�
�
w2

3 � w2
1

�
(9)

Fig. 1 Instrumented Draganflyer rotorcraft.
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Fig. 2 Quadrotor aircraft configuration.
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	 � �
�
w2

1 � w2
3 � w2

2 � w2
4

�
(10)

where � and � are positive constants characterizing the propellers
aerodynamics. In fact, the relation between the rotor angular velocity
w and the generated lift is very complex [33,37]. The expressions in
Eqs. (8–10) are valid approximations that we find in the literature of
helicopters and that are used in cases of hovering and low-speed
displacements.

Furthermore, the airframe is subject to additional torques due to
the motor’s acceleration. Thus, the equation giving the yawing
moment is slightly modified as follows:

	 � �
�
w2

1 �w2
3 � w2

2 � w2
4

�
� Ip� _w1 � _w3 � _w2 � _w4� (11)

Nowwe can represent the relations between the control inputs and
motor velocities as

u

	�

	�

	 

0
BBBB@

1
CCCCA�

� � � �

0 l� 0 �l�
�l� 0 l� 0

� �� � ��

0
BBBB@

1
CCCCA

w2
1

w2
2

w2
3

w2
4

0
BBBB@

1
CCCCA

�

0 0 0 0

0 0 0 0

0 0 0 0

Ip �Ip Ip �Ip

0
BBBB@

1
CCCCA

_w1

_w2

_w3

_w4

0
BBBB@

1
CCCCA (12)

Unlike standard helicopters, the main thrust and control torques
are obtained by controlling the angular speed of the four rotors
without using any servomechanism. So the construction and the
maintenance of the quadrotor aircraft is relatively simple when
compared with other rotorcraft configurations. However, the motors
operate near their maximum speed. Therefore, the control law should
consider actuator saturation to prevent the control system from
instabilities.

The control law presented in Sec. IV computes the control inputs
�u; 	�; 	�; 	 �, and the corresponding motor velocities
�w1; w2; w3; w4� are then deduced from Eq. (12). By neglecting
the small motor accelerations and solving system (12), the bounds on
thrust and torques are mapped into the bounds on rotors speeds as
follows: �

w1max
�w3max

� 1
2

�������������������������������������������
umax � 	 max

� 2	�max

p
w2max

�w4max
� 1

2

�������������������������������������������
umax � 	 max

� 2	�max

p (13)

The bounds on thrust and torques can be chosen such that they satisfy
the constraints in Eq. (13). Therefore, one avoids a situation in which
the four rotors are spinning at maximum speed to keep the vehicle in
hover, leaving no authority available for pitch and roll control while
maintaining altitude. Indeed, the nested-saturation-based control law
can handle this problem by choosing the bound on u to be smaller
than the real available thrust, thereby leaving authority for pitch and
roll control. FromEq. (13), we can see that when the thrust reaches its
maximum value umax, the rotors are not spinning at their maximum
speed wmax. Thus, pitch and roll torques can be obtained even if the
thrust u is saturated. However, if the external disturbances such as
wind are relatively large, then it would be difficult to control the
attitude while keeping the same altitude, because of aircraft
capabilities. Indeed, this problem is independent of the used
controller; rather, it concerns the limitations of the physical system.

III. Stabilization with Bounded Inputs

The quadrotor aircraft has a nonlinear underactuated (i.e., has
more state variables than control inputs) dynamic model [Eqs. (6)
and (7)] in which the rotation and the translation are coupled through
the matrix R. The proposed framework for stabilizing the
underactuated system [Eqs. (6) and (7)] while considering the input

boundedness and translation-rotation coupling is the design of a
robust controller using a forwarding approach. In fact, our control
strategy takes advantage of the structure of the quadrotor
configuration model and it is based on the nested-saturation
technique. Control inputs and state variables are then sequentially
bounded in an appropriate priority order. This control law is
motivated by its ability to handle coupling terms between rotation
and translation as well as input boundedness.

Let us first consider the following change of variables:

	 � C��; _�� � I ~	 (14)

where

~	 �
~	�
~	�
~	 

0
@

1
A

are the new control torques. Replacing 	 in Eq. (7) by its expression
given in Eq. (14), Eq. (7) becomes linear because we compensated
the Coriolis vector. Indeed, we obtain

��� ~	 (15)

Using Eqs. (6) and (15), the rotary-wing aircraft model can be
represented by the following system:8>>>>>>>>><

>>>>>>>>>:

m �x �� u sin �
m �y �u cos �: sin�
m�z �u cos �: cos��mg
�� � ~	�
�� � ~	�
� � ~	 

(16)

We notice that this system can be divided into four coupled
subsystems that are controlled by a single input to each one.We then
propose the following control strategy:

1) Control the altitude z by the total thrust u.
2) Use the torque ~	 to control the yaw angle  .
3) Stabilize the horizontal movement (� � x and �� y) by the

remaining control inputs � ~	�; ~	��.
In the following, we propose a nonlinear controller for each

subsystem, and we prove that the proposed control law takes into
account the coupling terms connecting these subsystems. Indeed, we
consider the effects of coupling terms as disturbances. Thus, we
propose a decoupled control design and provide a complete stability
analysis of the closed-loop system. In the proposed controller,
integral action to handle steady-state disturbances cannot be added.
However, we observed in simulations and experiments some kind of
robustness against external disturbances with such methodology.

A. Yaw and Altitude Control

The yaw dynamic is governed by the following double integrator:

� � ~	 

The nested-saturation-based control scheme [29] ensures global
asymptotic stability of a general system composed of n integrators in
cascade. Therefore, the control law

~	  ��� 1
�k 1

_ � � 2
�k 2

_ � k 1
k 2
� �  d��� (17)

will stabilize the yawangle at its desired value d if the positive gains
�k 1

; k 2
� are well-chosen [38], where ��:� is a linear saturation

function that is Lipchitz, nondecreasing, and defined as
� i �x� � sign�x�min�jxj;  i�, (i� 1, 2), and  i is a real positive
constant.

Now we consider the equation describing the altitude dynamic:

m�z� u cos � cos��mg
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First, we apply a feedback linearization [32] by assigning

u� mr�mg
cos �p��� cos �p���

(18)

where 0< p < 
=2. We assume that after a finite time, both ��t� and
��t� belong to the interval

I
=2 �
�
�

2
� �; 


2
� �
�

for some � > 0, so that cos � cos� ≠ 0.
Then, we obtain a double integrator system:

�z� r

where r is a new input.
As for the yaw control, we choose

r���r1�kr1 _z� �r2 �kr2 _z� kr1kr2 �z � zd��� (19)

B. Horizontal Movement Control (� � x and �� y)

After replacing u by its expression in Eq. (18), the remaining
dynamics are given by8>>>><

>>>>:

�x �� r�g
cos�

tan �

�y ��r� g� tan�
�� � ~	�
�� � ~	�

(20)

System (20) can be seen as two feedforward subsystems (x � �
and y � �) coupled by the term cos � and controlled by ~	� and ~	�,
respectively. The variable r can be considered as a bounded
(jrj ⩽ r1) perturbation for system (20).

We denote jXj 2 Rn as a positive vector that is composed of the
absolute value of each component of X, that is, jXj�
�jx1j; jx2j; . . . ; jxnj�T . In the following sections, for jXj 2 Rn and
jYj 2 Rn, the notation jXj> �<�jYj means that jxij> �<�jyij,
8 i 2 f1; 2; . . . ; ng.

We denote ~�� �x; y�T as the position vector and ~�� ��; ��T
denotes the orientation vector.

We define a vector saturation function �a:R2 ! R2 as

�a�X� � ��a1�x1�; �a2�x2��T

where a1 and a2 are real positive constants that define the saturation
levels of ��:�.

Using these notations, system (20) can be written in the form8<
:

�~� �A ~��D� ~�; r�
�~� ��

(21)

where

A� �g 0

0 g

� �
; �� � ~	�; ~	��T

and

D� ~�; r� � ��r� g� tan �
cos�
� g�

�r� g� tan�� g�

� �
(22)

System (21) can be seen as a chain of four integrators according to

the variables ~� and ~�, which is perturbed by the nonlinear function
D� ~�; r�.

Thus, the control law � will be constructed recursively in four
steps. The key idea is to bound each variable successively, starting

with _~�. The boundedness is obtained by choosing suitable control
inputs containing saturating functions and using the Lyapunov

analysis. Then, when the nonlinear coupling term D� ~�; r� is small,
the convergence property of the system is guaranteed by
appropriately selecting the saturation levels.

1. Boundedness of _~�

We first examine the trajectory of _~�. We recall

�~�� � (23)

Let us define V1, a positive definite function

V1 � 1
2
_~�
T _~�

for which the time derivative may be written as

_V 1 � _~�
T �~�� _~�

T
� (24)

The input � is chosen as follows:

����a�K1
_~�� �b��1�� (25)

where �1 2 R2 is the new input that will be assigned in the next step,
and K1 2 R2�2 is a diagonal gain matrix composed of positive
constants, that is,

K1 �
k1� 0

0 k1�

� �

Now we have

_V 1 �� _~�T�a�K1
_~�� �b��1��

It is clear that if jK1
_~�j> b, then _V1 < 0 and _~� will decrease until it

reaches the domain of attraction Q1 � ��jK�11 bj; jK�11 bj�. If the
system starts outside Q1, the trajectory of the derivative of ~�
eventually enters Q1 in a finite time T1 [1].

jK1
_~�j ⩽ b; 8 t ⩾ T1 (26)

If we choose b ⩽
1
2
a, then �a will operate in its linear region for all

t ⩾ T1. Thus, Eq. (23) becomes

�~�� K1
_~����b��1� (27)

In the sequel, the matrices Ki�i� 1; . . . ; 4� 2 R2�2 are diagonal
and composed of positive constants ki� and ki� .

2. Boundedness of ~�

Nowwe consider the new system inEq. (27)with the new input �1.
By defining a new variable z2 such as

z2 � _~�� K1 ~� (28)

then we have _z2 ���b��1�.
We continue the process by choosing

�1 � K2z2 � �c��2� (29)

The time derivative of z2 is then given by

_z 2 ���b�K2z2 � �c��2�� (30)

which is similar to �~� in Eqs. (23) and (25). As done previously, we
define a positive definite function V2 as

V2 � 1
2
zT2 z2

Then

_V 2 � zT2 _z2 ��zT2�b�K2z2 � �c��2��

The control law (29) forces the variable z2 to converge to its
domain of attraction in a finite time T2 ⩾ T1, that is,

KENDOUL ET AL. 1053



jK2z2j ⩽ c; 8 t ⩾ T2 (31)

By setting c ⩽ 1
2
b, system (30) becomes

_z2 � K2z2 ���c��2� (32)

The boundedness of ~� ( ~� 2 Q ~�) can be deduced by solving the
differential Eq. (28) for t ⩾ T2.

~��t� � ~��T2�e�K1�t�T2� �
Z
t

T2

e�K1�t�
�z2�
� d
 (33)

Therefore, it follows that there exists a finite time T3 ⩾ T2 such that
for t ⩾ T3, we have [32]

jK2 ~�j ⩽ c; 8 t ⩾ T3 (34)

Notice that Q ~� depends on c and K2. Therefore, the parameters c
andK2 can be chosen to guarantee that ~� 2 I
=2 � I
=2 for all t ⩾ T3.

3. Boundedness of
_~�

Let us recall that 8>><
>>:

�~�� A ~��D� ~�; r�
_z2 � K2z2 ���c��2�
z2 � _~�� K1 ~�

(35)

We define a new variable z3 as follows:

z3 � z2 � K2 ~�� K2K1A
�1 _~� (36)

Differentiating the preceding equation, we obtain

_z3 � _z2 � K2
_~�� K2K1A

�1A ~�� K2K1A
�1D� ~�; r�

� ��c��2� � K2K1A
�1D� ~�; r� (37)

The input �2 of this system is selected as �2 � K3z3 � �d��3�. Define
a new positive definite function:

V3 � 1
2
zT3 z3

The time derivative of V3 can be written in the form

_V 3 � zT3 _z3 ��zT3 f�c�K3z3 � �d��3�� � K2K1A
�1D� ~�; r�g

Using a similar analysis, it can be shown that after a finite time
T4 ⩾ T3, the variable z3 satisfies

jK3z3j ⩽ d� K2K1M; 8 t ⩾ T4 (38)

where M 2 R2 is a positive vector that is defined as follows [see
Eqs. (61) and (62) for its explicit expression]:

M� max
� ~�2Q ~��

jA�1D� ~�; r�j (39)

From Eqs. (31), (34), (36), and (38), we can show that
_~� is

bounded.
If the saturation level c is chosen such that it satisfies

c ⩾ 2d� K2K1M

then _z3 in Eq. (37) is given by

_z 3 � K3z3 ���d��3� � K2K1A
�1D� ~�; r� (40)

4. Boundedness of ~�

Finally, the input �3 is chosen as follows:

�3 � K4�z3 � K3 ~�� K3�K1 � K2�A�1
_~�� K3K2K1A

�1 ~�� (41)

This choice is motivated by the fact that using Eqs. (35), (36), and
(40), _�3 can now be expressed as

_� 3 ��K4��d��3� � �K3K1 � K3K2 � K2K1�A�1D� ~�; r�� (42)

Let us define V4 a positive definite function given by

V4 � 1
2
�T3�3

_V4 is therefore

_V4 � �T3 _�3 ���T3K4��d��3�
� �K3K1 � K3K2 � K2K1�A�1D� ~�; r��

If d ⩾ �K3K1 � K3K2 � K2K1�M, then after a finite time T5, we
obtain

j�3j ⩽ �K3K1 � K3K2 � K2K1�M ⩽ d; 8 t ⩾ T5 (43)

Therefore, Eq. (42) leads to

_� 3 � K4�3 � K4�K3K1 � K3K2 � K2K1�A�1D� ~�; r� (44)

Because
_~�, ~�, z3, and �3 are bounded 8 t ⩾ T5, we conclude from

Eq. (41) that ~� is bounded. Thus, at this stage, we have bounded all
the state variables, and all the saturation functions will operate in
their linear regions for all t ⩾ T5.

IV. Convergence Analysis

In this section, wewill prove that all the state variables converge to
zero, even in the presence of the nonlinear coupling term D� ~�; r�.
The global asymptotic stability is ensured by a convenient choice of
the saturation level c and the gains Ki.

Equation (44) can be written as follows:

_� 3 � K4�3 � KA�1D� ~�; r� (45)

where K � K4�K3K1 � K3K2 � K2K1�.
The vector A�1D� ~�; r� can be subdivided into two terms: H� ~��,

which depends only on the state vector ~�, and R� ~�; r�, which is
function of ~� and r. These vectors can be computed fromEq. (22) and
expressed as

H� ~�� �
tan �
cos�
� �

tan�� �

� �
; R� ~�; r� �

r tan �
g cos�
r tan�
g

 !
(46)

Now Eq. (45) can be written in the form

_� 3 � K4�3 � KH� ~�� � KR� ~�; r�

After analyzing the preceding differential equation, we found that
its solution satisfies the following inequality for all ~� 2 Q ~�:

j�3j ⩽ KjH� ~��j � KjR� ~�; r�j (47)

From Eq. (40), we also have

_z 3 � K3z3 ���3 � K2K1H� ~�� � K2K1R� ~�; r�

Similarly,

jz3j ⩽ �K � K2K1��jH� ~��j � jR� ~�; r�j� (48)

Because �2 � K3z3 � �3, this implies that

j�2j ⩽ �K � K3�K � K2K1���jH� ~��j � jR� ~�; r�j� (49)

For simplicity, let us note thatK0 � �K � K3�K � K2K1��, which
is a diagonal matrix.

Let us recall from Eq. (32) that _z2 � K2z2 ���2. We then deduce
that
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jz2j ⩽ K0jH� ~��j � K0jR� ~�; r�j (50)

Finally, the solution of the differential equation in Eq. (28) also
satisfies

j ~�j ⩽ K0jH� ~��j � K0jR� ~�; r�j (51)

Now we will prove that ~� will converge to zero if the saturation
level c is selected to be sufficiently small. By recalling Eqs. (34) and
(51), one may write� j ~�j ⩽ K0jH� ~��j � K0jR� ~�; r�j

K2j ~�j ⩽ c
(52)

From Eqs. (46) and (52), we obtain

8>>>>>>>><
>>>>>>>>:

j�j � k0�

���� tan �cos�
� �

����⩽ k0�

���� r tan �g cos�

����
k2� j�j ⩽ c�

j�j � k0� j tan�� �j ⩽ k0�

����r tan�g
����

k2� j�j ⩽ c�

(53)

Because 0< cos� ⩽ 1, then

tan �

cos�

and � have the same sign, and we can easily verify that j tan �j ⩾ j�j,
which implies that

j tan �
cos �

j ⩾ j�j

These remarks remain valid for the third inequality in Eq. (53) with
the variable �.

We conclude from these remarks that���� tan �cos�
� �

�����j tan �jcos�
� j�j j tan�� �j � j tan�j � j�j (54)

Furthermore, we have k2� j�j ⩽ c�, then

cos�c�=k2�� ⩽ cos� ⩽ 1) 1 ⩽
1

cos�
⩽

1

cos�c�=k2� �

Substituting Eq. (54) into Eq. (53) and using the preceding
inequality, we obtain

8>>>>><
>>>>>:

�1� k0� �j�j � k0�
tan j�j

cos�c�=k2� �
⩽ k0� jrj

tan j�j
g cos�

k2� j�j ⩽ c�

�1� k0��j�j � k0� tan j�j ⩽ k0� jrj
tan j�j
g

k2� j�j ⩽ c�

(55)

Let us note thatL� is the limit of j�jwhen the time goes to infinity,
and L� is the limit of j�j. Because the functions

tan j�j
g cos�

and

tan j�j
g

are bounded and limt!1r� 0 [see Eq. (19)], then we obtain from
Eq. (55)

8>>>>><
>>>>>:

�1� k0� �L� � k0�
tanL�

cos�c�=k2� �
⩽ 0

0 ⩽ k2�L� ⩽ c�

�1� k0��L� � k0� tanL� ⩽ 0

0 ⩽ k2�L� ⩽ c�

(56)

Now, it remains to solve the algebraic system (56) for the variables
L� and L� and to choose the saturation levels c� and c� sufficiently
small to obtain �L�; L�� � �0; 0�.

By studying and plotting the inequality �1� k0��L��
k0� tanL� ⩽ 0, where L� 2 R�, we find that its solution is

0 [ ���;



2
�

as shown in Fig. (3), in which �� is a positive constant that depends
on k0� . Therefore, if we choose c� < k2��� (i.e., L� < ��), then the

only possible solution is L� � 0. We mention that �� is inversely
proportional to k0� ; this can be seen in the following example:

k0� ! 0) �� !



2
k0� � 1:25) �� ’ 1:105

k0� � 5) �� ’ 0:7 k0� � 7) �� ’ 0:6

k0� � 9) �� ’ 0:55 k0� !1) �� ! 0

With the same analysis, we show that the solution of

�1� k0� �L� � k0�
tanL�

cos�c�=k2��
⩽ 0

is also

0 [ ���;



2
�

where�� is a positive constant that depends on the parameters c�, k2� ,

and k0� . As previously noted, there exists a value for c��c� < k2����
that restricts the solution to zero (L� � 0).

For example, if all of the gains are set to one (i.e., Ki � I2�2 for
i� 1; . . . ; 4), then, usingMatlab, we obtain k0� � k0� � 7 andL� �
0 if c� ⩽ 0:6. Furthermore,

0 0.5 1 1.5
−16

−14

−12

−10

−8

−6

−4

−2

0

2

Lφ
λφ[rad]

ϒ(
L

 , 
k0

   
)

φ
φ

ϒ(L , k0   ) = (1 + k0  )L  - k0  tan Lφφ φφφφ

Fig. 3 Solution of inequality (56) for k0� � 1:25.

Table 1 Quadrotor model parameters

Model parameters Values Model parameters Values

m, kg 1
Ix, kg 	m2 5 � 10�3 g, m=s2 9.81
Iy, kg 	m2 5 � 10�3 l, m 0.22
Iz, kg 	m2 9 � 10�3 � 3 � 10�6

Ir, kg 	m2 4 � 10�5 � 1:5 � 10�7
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for c� � 0:6; if c� ⩽ 0; then L� � 0

for c� � 0:5; if c� ⩽ 0:09; then L� � 0

for c� � 0:45; if c� ⩽ 0:29; then L� � 0

for c� � 0:40; if c� ⩽ 0:38; then L� � 0

for c� � 0:35; if c� ⩽ 0:45; then L� � 0

for c� � 0:30; if c� ⩽ 0:49; then L� � 0

for c� � 0:2; if c� ⩽ 0:55; then L� � 0

The objective is to choose c� and c� with high values to reduce the
time convergence according to both axes x and y.

If we choose the gains ki, as shown in Table 2, we find that for
c� � 0:4) L� � 0. Indeed, for these values, we have k0� � 1:25

and then �� ’ 1:105), and we choose c� < k2��� � 0:5 � 1:105.

Keeping these values and analyzing the inequality

�1� k0� �L� � k0�
tanL�

cos�c�=k2� �
⩽ 0

we find that for c� ⩽ 0:36) L� � 0.
Finally, we showed that the saturation level c� �c�; c��T can be

chosen in such a way that limt!1 ~��0. We deduce from Eq. (46)

that H and R converge to zero. From Eqs. (47–50), we have
��2; �3; z2; z3� ! �0; 0; 0; 0�. From the third equation of Eq. (35), we

get _~�! 0. From Eqs. (36) and (41), it follows, respectively, that
_~�! 0 and ~�! 0.

A. Saturation Levels and Gain Matrices Selection

Let us recall all constraints on the saturation levels:

8>>><
>>>:

a ⩾ 2b

b ⩾ 2c

c ⩾ 2d� K2K1M

d ⩾ �K2K1 � K3K1 � K3K2�M

(57)

According to the previous section, c� and c� can be chosen as
follows:

c� � 0:4 and c� � 0:36

Once the vector c is selected, the saturation levels a and b can be
computed from Eq. (57). It remains to be shown how the saturation
level d can be selected.

From Eq. (57), we get

�K2K1 � K3K1 � K3K2�M ⩽ d ⩽
1
2
�c � K2K1M� (58)

The vector d exists if the following condition holds:

�K2K1 � K3K1 � K3K2�M ⩽
1
2
�c � K2K1M� (59)

System (58) is equivalent to

�k2� k1� � k3� k1� � k3� k2� �M� ⩽ d� ⩽
1
2
�c� � k2� k1�M��

�k2�k1� � k3�k1� � k3�k2��M� ⩽ d� ⩽
1
2
�c� � k2�k1�M��

(60)

From Eqs. (22) and (39), we have

M� �max
~�2Q ~�

���� �r� g�g cos��� tan � � �
���� M� �max

�2Q�

�����r� g�g
tan�� �

����
(61)

Table 2 Controller parameters

Controller parameters Values Controller parameters Values

r1 3 kr1 1
r2 1.4 kr2 2
 1 1.5 k 1 1
 2 0.7 k 2 2
a� 1.7 k1� 0.2
b� 0.82 k2� 0.5
c� 0.36 k3� 0.5
d� 0.16 k4� 1.8
a� 1.7 k1� 0.5

b� 0.82 k2� 0.5

c� 0.4 k3� 0.5

d� 0.18 k4� 1
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Fig. 4 Position and orientation stabilization.
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Because the perturbation jrj is bounded by r1 and for simplicity,
we assume¶ that r1 ⩾ 1, then

M� �
���� �r1 � g�g cos�c�=k2� �

tan c� � c�
���� M� �

�����r1 � g�g
tan c� � c�

����
(62)

First, the gain matrices Ki are selected by taking into account the
following criteria. Obtain large values for c� and c� when solving the
system (56). Satisfy the inequalities in Eq. (60)when selectingd� and
d�. Finally, optimize the time response of the closed-loop system.

Considering the three preceding criteria, a primary analysis leads
to the following selection of thematricesKi. For ki� � 0:5, i� 1,2, 3

and k4� � 1, and for �k1� ; k2� ; k3� ; k4� � � �0:2; 0:5; 0:5; 1:8�, we

obtain c� � 0:36 and c� � 0:4. Furthermore, if r1 is set to three, then
from Eq. (60), we obtain

0:1141 ⩽ d� ⩽ 0:1810 0:1555 ⩽ d� ⩽ 0:1627

These gains and saturation levels values allowed the improvement
of the dynamical performances of the closed-loop system (see
Fig. 4). However, a detailed mathematical analysis is required to
determine the best values forKi that give a minimal time response of
the system.

Finally, the complete expression of the control law is given by

����a�K1
_~�� �b�K2z2 � �c�K3z3 � �d��3���� (63)

Replacing � ~�; z2; z3; �3� by their expressions [Eqs. (28), (36), and
(41)], we obtain the complete formulas of the two control torques:

~	 � ���a�
�
k1�

_�� �b�
�
k2� � _�� k1� �� � �c�

�
k3�

�
_�� �k1�

� k2� �� � k2� k1�
_x

g

�
� �d�

�
k4�

�
_�� �k1� � k2� � k3� ��

� �k2� k1� � k3� k1� � k3� k2� �
_x

g
� k3� k2� k1�

x

g

	�	
�
(64)

and

~	 � ���a�
�
k1�

_�� �b�
�
k2�� _�� k1��� � �c�

�
k3�

�
_�� �k1�

� k2���� k2�k1�
_y

g

�
� �d�

�
k4�

�
_�� �k1� � k2� � k3���

� �k2�k1� � k3�k1� � k3�k2��
_y

g
� k1�k2�k3�

y

g

	�	
�
(65)

V. Simulations

Before testing the controller on the real system shown in Fig. 1, we
performed different simulations in Matlab/Simulink using the
dynamic model in Eq. (5) with the parameters listed in Table 1. The
initial Euler angles and position are given by �0 ��40 deg,
�0 � 46 deg,  0 � 0 deg, x0 � 2 m, y0 ��3 m, and z0 � 0 m.

Linear and angular velocities are set to zero, that is, _�� _��
�0; 0; 0�T . The task was to reach the position zd � 1 m and  d �
58 deg and to stabilize the other variables to zero. To explore the
performance of the proposed controller, we run simulations for three
controllers: the control law given by Eqs. (17), (19), (64), and (65)
with gainsKi � I2�2 (dashed/dotted-line curve), the same algorithm
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Fig. 5 Control inputs: total thrust and torques.
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Fig. 6 Real-time architecture of the platform.

¶This assumption leads to simple expressions for M� and M�. However,
one can compute M� and M� for any value of r1 > 0. Notice also that in
practice, r1 may be ⩾ 1.
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with gains cut in half (solid-line curve, also see Table 2), and the third
(dotted-line curve) represents previous controller results [4]. From
Fig. 4, one can see that the x–y overshoots are reduced and the
convergence speed of the state variables is improved with respect to
the results obtained in [1,4]. Moreover, a convenient selection of
saturation levels and gains Ki permits us to considerably reduce the
time response of the system and to obtain satisfactory performance,
as shown in Fig. 4. It is also important to note that the proposed
control strategy increases the convergence speed without spending
additional energy (also see [39] for comparison). Indeed, control
input trajectories in Fig. 5 have almost the same behavior as previous
results [1,4] and operate in the same amplitude range.

VI. Testbed and Experimental Results

The UAV platform used in the experiment is a modified
Draganflyer III quadrotor helicopter (see Fig. 1) manufactured by
Draganfly Innovations Inc. and is commercially available in Canada
as a radio-controlled rotorcraft. It is approximately 0:75 � 0:75 m,
fitted by four dc motors that are geared to the blades by a speed-
reduction ratio of 5:6:1. In fact, we kept only the airframe, the

motors, and the blades and added our own sensors and electronic
circuitry.

The real-time architecture of the platform shown in Fig. 6 includes
two microprocessors, a CI3DMGV MicroStrain inertial measure-
ment unit (IMU), three ultrasonic sensors, a wireless modem, a
Futaba 72-MHz radio, a receiver, a power MOSFET, and a ground
station.

A microprocessor (Rabbit 3400, 28 MHz) is currently being used
as the heart of the control system. The Rabbit 3400 is a fixed-point
microcontroller, but the Dynamic C compiler emulates the floating-
point operations. A second microcontroller (Pic) is added for the
acquisition of the ultrasonic data and estimation of the robot position.
These measurements are then sent to the Rabbit via RS-232. The
IMU is mounted using a series of elastic bands such that low-
amplitude, high-frequency vibrations of the helicopter cannot be
transmitted to the sensor. The MicroStrain IMU uses a Kalman filter
to fuse the rate gyro, accelerometer, and magnetometer data to
generate pitch, roll, and heading (yaw) estimation at a frequency of
70 Hz. The angular velocities are also available. The Kalman filter is
implemented internal to the IMU by the manufacturer. In our
application, we directly use the IMU measurements without any
filtering.
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Fig. 7 Stabilization of the position and attitude of the helicopter.
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Fig. 8 Control inputs in the case of the stabilization problem.
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The ultrasonic sensors operate at 20Hz and aremounted according
to the three axes to estimate the position �� �x; y; z�T . We can then
compute estimates of the linear velocities by using the approximation

_�� ��t� � ��t � T�
T

where T is the sampling period. In our experiment, T � 0:05 s, due
to limitations imposed by the strategy used for estimating the
position by the ultrasonic sensors. Both position and linear velocities
are filtered using first-order low-pass filters.

Communication with the ground station is carried out via a 2.4-
GHz wireless modem. The state variables and the control inputs are
recovered, plotted, and analyzed in the ground station.

Table 3 Statistical descriptors of state/input (PWM duty cycle) signals in the stabilization

case

Variables x, m y, m z, m �, deg �, deg  , deg 	� 	� 	 u

max 0.007 0.110 0.460 3.5 7.7 5.1 116 170 225 590
min �0:310 �0:570 0.310 �3:4 �8:0 �0:1 �160 �88 �225 465
mean �0:110 �0:007 0.380 �0:86 1.15 0.00 �22 11 �3 335
STD 0.043 0.067 0.024 1.13 1.35 0.22 34 35 142 14
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Fig. 9 Autonomous takeoff, hovering, and landing with external perturbations during the period 225 s–330 s.
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Fig. 10 Control inputs in terms of the pulse with modulation (PWM) duty cycle.
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Notice that the rotorcraft flies freely in a three-dimensional space
without using any flying stand.

To explore the performance of the proposed controller, two sets
experiments were performed. First, the quadrotor was tasked to
hover at a desired altitude of 0.4mwhen stabilizing all the angles and
horizontal displacements at zero, starting from some initial
configurations. Figures 7 and 8 show that the objective is achieved
with very satisfying performance (see Table 3).

In the second experiment, we considered an autonomous flight.
The aerial robotwas tasked to take off, hover at a desired altitude for a
predetermined period, and then land (see Fig. 9 and Table 3). The
control law presented in the previous sections is shown to be robust
with respect to parameter uncertainty and external disturbances by
applying external forces to the aircraft during the period 225–330 s.
From Figs. 9 and 10, we notice that the controller rejects these
perturbations and the closed-loop system remains stable. In other
experiments, we also applied disturbances on yaw and altitude, and
the controller rejected them.

For quantitative analysis of the obtained results, we provided
statistical descriptors (max, min, mean, and standard deviation STD)
of the position, attitude, and input signals. Table 3 shows that the
stabilization task is achieved with high accuracy. In the presence of
external perturbations, the rotorcraft is not exactly stabilized at the
expected position, but it still succeeds to maintain its position in a
sphere of about 0.2 m of radius around the desired position (see
Table 4 and Fig. 9). We believe that the small errors observed in
Figs. 7–10 are mainly due to unmodeled dynamics, parameter
uncertainty, and sensor noise.

VII. Conclusions

An efficient nonlinear control strategy for the quadrotor aircraft
was proposed. The proposed control law is based on the nested-
saturation technique and takes into account the boundedness of
control inputs with improvements of the convergence speed of the
closed-loop system. By using Lyapunov analysis, the convergence
property was established for the complete model of the quadrotor
helicopter, considering the coupling terms. In spite of the complexity
of the convergence analysis, the control law is simple and performs
satisfactorily in practice.

In this paper, we also described the embedded control system that
was tested in real-time experiments. The results presented in this
paper have shown the effectiveness and the good performance of our
embedded control system. Indeed, experimental results have shown
that the proposed control system is able to autonomously perform the
tasks of taking off, hovering, and landing, even in the presence of
external disturbances; this constitutes an important step forward in
autonomous control of small rotorcraft.
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